INTRODUCTION For 25 years researchers
have tried to construct "best" finite element models for problems in structural mechanics. 
An advantage of this convention is that u, e and o may be reserved for the ezaet fields.
$._ Integral Abbreviations
Volume and surface integrals will be abbreviated by placing domain-subscripted parentheses and square brackets, respectively, around the integrand. For example: Figure2. Internal interface example.
Domain Assertions
The notation
is used to assert that the relation a = b is valid at each point of V, S, S,l and St, respectively.
3._ Internal Interfaces
In 
On Si neith,:r displacements nor tractions are prescribed. A simple case is illustrated A volume integral is the sum of integrals over the subvolumes:
An integral over Si includes two contributions:
,+ ,-whereg+ and g-denotes the value of the integrand g on $_+ and Si-, respectively. These two values may be different if g is discontinuous or involves a projection on the normals.
Following a finite element discretization, the union of interehment boundaries becomes
THE ELASTICITY FUNCTIONALS
The variational principles of linear elasticity are based on functionals of the form
where U characterizes the internal energy stored in the body volume and P includes other contributions such as work of applied loads and energy stored on internal interface_. We shall call U the generalized strain energy and P the/orcing potential.
It must be pointed out that all functionals considered here include independently varied displacements. Thus, the class of dual functionals such as the complementary energy are not included in the following study.
Volume Integrals
The generalized strain energy has the following structure: 
The t-generalized (traction generalized) forcing potential introduces an independently varied traction displacement field t over Si:
The "conventional" 
where Uw is obtained by setting j22 = j13 --1, it2 = -1, others zero, in (15). 
MATRIX
o' = jz3_ + jaa°" + Ja3o". 
Because of these constraints, the maximum number of independent parameters that define the entries of J is three. 
5.e Specific Functionals

Expressions
Three-parameter (a,/3, "7) family (a,_,fi I that includes Uw and Up.y as special cases [9]:
The last form, which contains three independent parameters, supplies all matrices .I that satisfy the constraints (21). It yields stress-displacement functionals for tr =/3 = O, strain displacement functionals for a =`7 = 0, and 3-field functionals otherwise. A graphic representation of J,p, in (a,/3,'7) space is given in Figure  3 .
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Figure 3
Graphical representation of the Ja_-1 functionals
Energy Balancing
A prime motivation for introducing the j coefficients as free parameters is optimization of finite element performance. The determination of "best _ parameters for specific elements relies on the concept of energy balance. Let //(e) = _(Ee, e}v denote the strain energy associated with the strain field e. If E is positive definite, U(c) is nonnegative. We may decompose the generalized strain energy into the following sum of strain energies: U = J33U(e") + ctU(e a-e) -t-c2U(ee") + c3U(eU -e*),
where Ue(e _) = Up is the usual strain energy, ct = _(Jix + J22 -2'3a + I}, c2 = la (--jl, + J22 + J3o -1), and co = _(Jix -J22 + J'33 -1). Equation (37) is equivalent to decomposing J into the sum of four rank-one matrices:
[i°!lIllil Ii°yl I1°!] 
Internal Displacement Assumption
The displacement assumption in the interior of tile element is 
Stress Assumption
The stress field will be assumed to be constant over the element: 
Strain Assumptions
The assumed strain field _ is decomposed into a mean constant strain _ and a higher order variation:
where _ = (e)v/v, A collects higher order strain modes with mean zero value over the element:
and a collects the corresponding strain parameters. The only derived field is (a e = E_ = E_ + EAa)v.
(5o)
UNCONSTRAINED FINITE ELEMENT EQUATIONS
For simplicity we shall assume that all elastic moduli in E are constant over the element.
Inserting the above assumptions into H a with the forcing potential (19), we obtain a quadratic algebraic form, which is fairly sparse on account of the conditions (45) and (49).
Making this form stationary yields the finite element equations
where
in which Na,, denotes the projection of shape functions Na on the exterior normal n, and similarly for Nr, N_ and Ni,. Coefficient matrix entries that do not depend on the j's come from the last boundary term in (19).
7.1
The P matrices Application of the divergence theorem to the work of the mean stress on e" yields
Hence Pr = 0, P_ = vI, Ph : 0, and the element equations simplify to
(s4)
The simplicity of the P matrices comes from the mean-plus-deviator expression (44) for e". If this decomposition is not enforced, Pr = 0 but Pc = (Bc)v and Ph = (Bh)v.
KINEMATIC CONSTRAINTS
The "tricks" we shall consider here are kinematic constraints that play a key role in the development of high-performance FF and ANS elements. These are matrix relations between kinematic quantities that are established independently of the variational equations.
Two types of relations will be studied. 
where Q is generally a rectangular matrix determined by collocation and/or interpolation.
The individual element test in §9.3 requires that Q be orthogonal to Gr and Go:
The constraint (58) still leaves the independently varied mean strain _ to be determined variationally. 
VISIBLE STIFFNESS EQUATIONS
Enforcing
Relation to Previous HP Element Formulations
If J = J, of (33), 3"33 -1 -% 3"22 = 3"23 = 0, and we recover the scaled free formulation stiffness equations studied in [5,7,9,10]:
(65)
If we take J = Jw of (32), j22 : 1, j33 = j23 = 0 and we obtain Kh = QTChQ.
This is similar to the stiffness produced by the ANS hybrid variational formulation studied in [11] [12] , in which the potential pt was used instead of pa.
But the term with coefficient 3"23 in (63) 
It is seen that the mean strains _, _" and _" = E-I# agree, and so would the mean stresses. This is not the case, however, if the body forces are not zero. It is also worthwhile to mention that a nonzero Lagrange multiplier vector flags a deviation of the associated fields from the variationally consistent fields that would result on using the unconstrained FE equations (54) without "tricks _.
* The qualifier visible emphasizes that these are the stiffness equations other elements "see _,
and com_equently are the only ones that matter insofar as computer implementation on a displacement-based finite element program.
9.8
The Individual Element Test 
Premultiply by the coefficient matrix, and demand that all terms on the right-hand side vanish but for f_ = La0. Then the orthogonality conditions in (57) and (59) emerge. This form of the patch test is very strong, and it may well be that relaxing circumstances can be found for specific problems such as shells.
10, CONCLUSIONS
The results of the present paper may be summarized as follows. The construction of high performance elements based on a weighted mix of FF and ANS "ingredients" will be examined in sequel papers, and specific examples given to convey the power and flexibility of the present methods.
